Discrete Faddeev action for the tetrad fields strongly varying along
  different coordinates by Khatsymovsky, V. M.
ar
X
iv
:1
81
1.
07
16
0v
2 
 [g
r-q
c] 
 11
 Fe
b 2
01
9
Discrete Faddeev action for the tetrad fields strongly
varying along different coordinates
V.M. Khatsymovsky
Budker Institute of Nuclear Physics
of Siberian Branch Russian Academy of Sciences
Novosibirsk, 630090, Russia
E-mail address: khatsym@gmail.com
Abstract
Faddeev gravity using a d-dimensional tetrad (normally d = 10) is classically
equivalent to general relativity (GR).
The discrete Faddeev gravity on the piecewise flat spacetime normally as-
sumes slowly varying metric and tetrad from vertex to vertex. Meanwhile,
Faddeev action is finite (although not unambiguously defined) for discontinu-
ous tetrad fields thus allowing, in particular, to consider a surface as consisting
of virtually independent elementary triangles, and its area spectrum as the sum
of elementary area spectra. In the discrete connection form, area tensors are
canonically conjugate to SO(10) connection matrices, and earlier we have found
the elementary area spectrum, which is nonsingular just at large connection or
the strongly varying fields constituting a kind of ”antiferromagnetic” structure.
We appropriately define discrete connection Faddeev action to unambiguously
determine the discrete Faddeev action for the strongly varying fields, but weakly
varying metric, equivalent in the continuum limit to the GR action with this
metric. Previously, we considered large variations in only one direction, now
we use an ansatz in some respects less common, but overall, probably the most
common.
A unified simplicial connection representation is written out (depending on
an auxiliary connection) both for the discrete Faddeev action and for the Regge
action.
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1 Introduction
Faddeev gravity can be considered as a theory in which the metric is composed of d
vector fields fAλ ,
gλµ = f
A
λ fµA. (1)
Typically d = 10. After introducing a non-Riemannian connection Γ˜λµν = f
λ
Af
A
µ,ν and
forming the Riemannian tensor for it, the Faddeev action
∫
R
√
g d4x can be written as
∫ (
fλA,λf
µ
A,µ − fλA,µfµA,λ
)
ΠAB
√
gd4x, ΠAB = δAB − fλAfBλ . (2)
The projector ΠAB is called the vertical projector, and ΠAB|| = δ
AB −ΠAB is called the
horizontal projector. Varying the action with the help of ΠABδ/δf
λ
B gives the so-called
vertical equations of motion,
bµµAT
ν
νλ + b
µ
λAT
ν
µν + b
µ
νAT
ν
λµ = 0, (3)
which can be considered as equations for the torsion T λµν = Γ˜
λ
µν − Γ˜λνµ; bλµA = ΠABfλB,µ .
For random fields fAλ , this system gives T
λ
µν = 0, and we return to the Hilbert-Einstein
action; the horizontal equations turn out to be the Einstein equations.
One can also think of fAλ as a tetrad, which is in tangential pseudo-Euclidean spaces
embedded into ambient flat ten-dimensional pseudo-Euclidean spaces. There is a point
of contact with the embedding approach to gravity [2, 3, 4]. Namely, if fAλ = ∂λf
A for
some fA, the theory would be the theory of a four-dimensional hypersurface defined
by the coordinates fA(x) in a ten-dimensional pseudo-Euclidean space-time. However,
in general, fAλ are independent freely chosen fields, and the Faddeev gravity can NOT
be considered as an embedded theory of gravity.
The action does not contain squares of derivatives and, therefore, is finite for discon-
tinuous fAλ and gλµ. This means that in quantum theory there are virtual configurations
in which different regions do not fit on their common boundary due to the disconti-
nuity of the induced metric on the boundary. That is, the metrics/fields f in these
3regions can vary independently, though, of course, they can interact with each other,
this interaction is simply not infinite, but finite.
In particular, a 2D surface can consist of virtually independent pieces, and its area
spectrum is the sum of the spectra of the pieces. The area spectrum is important in
the black hole physics.
For the area spectrum, it is natural to use a connection representation, in which
tetrad bilinears are canonically conjugated to connection variables. It is fortunate that
a connection Palatini-type form exists for the Faddeev gravity, as we have found in [5].
This representation is naturally obtained even for a more general form of the Faddeev
action with a parity violating term,∫
ΠAB
[
(fλA,λf
µ
B,µ − fλA,µfµB,λ)
√
g − 1
γF
ǫλµνρfλA,µfνB,ρ
]
d4x. (4)
On the equations of motion, this still gives the Hilbert-Einstein action. Here γF is an
analog of the Barbero-Immirzi parameter γ [6, 7]. The Barbero-Immirzi parameter
defines a term which generalizes the Cartan-Weyl form and does not affect the result
of excluding the connection via equations of motion [8, 9]. The connection form is
Scontinuum =
∫ (
fλAf
µ
B +
1
2γF
√
g
ǫλµνρfνAfρB
) [
∂λω
AB
µ − ∂µωABλ
+(ωλωµ − ωµωλ)AB
]
(ω)
√
gd4x+
∫
Λνλµω
AB
ν
(
fλAf
µ
B − fµAfλB
)√
gd4x. (5)
The first term is the so(10) connection Cartan-Weyl form of the Einstein-Hilbert action,
the second term is an so(10) gauge violating term (Faddeev action is invariant with
respect to the global, but not the local SO(10) rotations), Λνλµ are Lagrange multipliers
at it.
Not tetrad bilinears, but area tensors have more relevance to the area. Tetrad bilin-
ears go to area tensors in the minisuperspace formulation of gravity by Regge [10] (see
also review [11]). This minisuperspace formulation, Regge calculus, is automatically
discrete.
We were able to find the Faddeev action for fAλ and gλµ which are piecewise constant
[12] and, thus, discontinuous, however, with an uncertainty, which, however, disappears
when the lattice spacings and field variations/discontinuities are made arbitrarily small,
and we thus approach the continuum limit. This is a discrete Faddeev action, the Regge
calculus form of the Faddeev action.
The notations are as follows. The piecewise flat spacetime can be viewed as com-
posed of flat 4-dimensional tetrahedra or 4-simplices, although here most manipulations
4are made with a combinatorially simpler subdivision into hypercubes. The continuum
field fAλ is replaced by the variables f
A
σ1 = f
A
λ ∆x
λ
σ1 on the edges σ
1, where on the
hypercubic structure the index σ1 is replaced by its number, one of four at each vertex,
and σ1 formally looks like the world vector index. The connection becomes an SO(10)
matrix ΩAσ3B on the tetrahedra (3-simplices) σ
3 or, on the hypercubic structure, ΩAλB
on the 3-cube complementary to the coordinate xλ (the coordinates of the vertices are
assumed to run through integer four coordinates).
Then we can raise the question about a connection representation of the discrete
Faddeev action with independent variables ΩAσ3B, analogous to (5) for the continuum
Faddeev action. Such a representation exists and for the combinatorially simplified
hypercubic structure just considered has the form [13]
S = SR(Ω) + SΩ, SR(Ω) = 2
∑
sites
∑
λ,µ
[
aλµ arcsin
vλµ ◦Rλµ(Ω)
aλµ
+
aλµ
γF
arcsin
V λµ ◦Rλµ(Ω)
aλµ
]
, SΩ =
∑
sites
∑
λ,µ,ν
ΛνλµΩ
AB
ν (f
λ
Af
µ
B − fµAfλB), (6)
aλµ =
√
vλµ ◦ vλµ =
√
V λµ ◦ V λµ, Rλµ(Ω) = Ωλ(T λΩµ)(T µΩλ)Ωµ. The area bivectors
are
vλµAB =
1
2
(
fλAf
µ
B − fµAfλB
)√
g, V λµAB =
1
2
ǫλµνρfνAfρB, v ◦R ≡ 1
2
vABR
AB, (7)
Tλf(x
λ) = f(xλ+1), the operator of the translation along xλ by 1, the overlining in Ω,
T , ... means the Hermitian conjugation. Since the vertical-vertical block of the contin-
ual ω does not contribute to Scontinuum, we can impose also a condition ΠACΠBDΩ
CD
λ = 0
(now Ω = expω), which does not change the continuum limit.
The first term in (6) is the SO(10) connection representation of the Regge action,
the second term is a discretization of the gauge violating term in (5).
As before for the discrete Faddeev action, (6) has the exact sense of the connection
representation of the Faddeev action just in the continuum limit, when ω (Ω = expω)
and variations δf from point to point are arbitrarily small.
In the Regge-discretized connection representation of the Faddeev action (6), area
tensors are canonically conjugate to SO(10) connection matrices, and their spectrum
can be found [14].
A certain subtlety is that the kinetic term tr(A0λΩλΩ˙λ), A
λµ = vλµ+V λµ/γF, due to
the gauge violating condition on Ω = expω (ω has a zero horizontal-horizontal block)
is nonzero only starting from the second order in ω, tr(A0λωλω˙λ).
5Then for small ω the area spectrum is singular.
The possibility to get around this difficulty is that the metric can vary weakly also
for strongly varying fAλ and thus for large ω.
Thus, the task is to extend the Regge-discretized connection representation of the
Faddeev action (6) to large connections.
To generalize the action to the large ω, we can start with the case when only one
component ωλ is large and use the fact that the equation for ωλ follows by varying over
ωµ, µ 6= λ, which are small and the dependence on them is known. It is also natural to
suggest that the large ωλ corresponds to a strong variation of the tetrad as a function
of xλ, as qualitatively follows by extrapolation from the case of small ω. Having found
the dependence on the large connection matrix, we can consider the case when all the
connection matrices are large. For clarity, we use a hypercubic lattice; then we pass to
the general simplicial complex.
2 Generalizing local SO(10) violating term to large
connection
Here SΩ is generalized to not necessarily small connection in a certain direction, (18).
Due to a specific form of the equations for the connection and natural requirements
of correspondence with the solutions at small variations of fλA, the form of this term
follows practically uniquely.
We denote the relative order of magnitude of the variations of the metric δg from
point to point by O(δ) (and, under the assumption of smoothness in the continuum
limit, O(δ2) = O(δ)2). Normally, the variations of the Faddeev tetrad δf from point
to point have the same relative order. Based on the answer, ω = O(δ), r = O(δ2)
(Ω = expω, R = exp r). Varying over Ω, we have for SR(Ω) in the order O(δ)
MµABSR(Ω) = 2
∑
λ
[Aλµ − Tλ(ΩλAλµΩλ)], MµAB = ΩCµA
∂
∂ΩCBµ
− (A↔ B),
Aλµ ≡ vλµ + 1
γF
V λµ, (8)
and for SΩ
MµABSΩ =
∑
ν,λ
Λµνλ{Ωµ[f ν , fλ] + [f ν , fλ]Ωµ}AB, [f ν , fλ] ≡ f νAfλB − fλAf νB. (9)
6The operator MµAB cancels the orthogonality condition on Ωµ added to S with the help
of Lagrange multipliers not shown here. Equating the sum of (8) and (9) we apply first
the projector Π‖ = 1−Π on both sides, Π‖ . . .Π‖, find that the six components Λµνλ (for
the given µ) are O(δ), then apply Π . . .Π‖ or simply Π and find that (9) contributes
O(δ2) and can be disregarded. Thus, in the order O(δ) we have
Π
∑
λ
Tλ{δλAλµ + [ωλ, Aλµ]} = 0, δλ = 1− T λ. (10)
This gives a solution
ωλ = [f
µ,Πδλfµ]. (11)
Thus, ωλ is defined by the dependence of f on x
λ.
First assume that there is a strong variation only in one direction, say, along the
coordinate x3. It is natural to expect that this will not affect, at least in the considered
order O(δ), the expressions for ωλ, λ 6= 3, which remain small, and the terms in SΩ for
them remain the same. And the equations for Ω3 are obtained by varying just over Ωµ,
µ 6= 3. Assuming still r = O(δ2) (R = exp r) and that the result of the action of the
operator MµAB on SR(Ω) is O(δ) (as confirmed by the further calculation), this result is
again (8) and Λµνλ = O(δ), µ 6= 3, and the equation for Ω is again (8) projected by Π
and equated to zero. The expression (8) is the sum of the expression
A3µ − T3(Ω3A3µΩ3) (12)
and terms with ωλ at λ 6= 3, µ, which being projected by Π are O(δ2) and can be
disregarded. Thus, the question is about (12) whether its projection by Π can be
zero in the order O(δ). The form of (12) suggests that for a tetrad whose values
at neighboring points are roughly related by an orthogonal rotation, one can make a
redefinition of the tetrad and the connection at these points by this rotation. Showing
the dependence of the functions on x3, we introduce for generality such an orthogonal
matrix at each point and the notation
O(0)fλ(0) = hλ(0), O(−1)fλ(−1) = hλ(−1) (13)
for the tetrad fλ at two neighboring points x3 = −1 and x3 = 0, the orthogonal
matrices O(−1),O(0) ∈ SO(10) at these points and an interpolating field h(x3), whose
variations δ3h
λ(0) = hλ(0)− hλ(−1) are small. Correspondingly, we write out
Ω3(0) = O(−1)[1 + ω3(0)]O(0). (14)
7Then, for example,
Π(0) ≡ Π(f(0)) = O(0)Π(h(0))O(0), A3µ(0) ≡ A3µ(f(0))
= O(0)A3µ(h(0))O(0) (15)
and
Π(−1){A3µ(−1)− T3[Ω3A3µO3]x3=−1}
= Π(−1)[A3µ(−1)− Ω3(0)A3µ(0)O3(0)]
= −O(−1)Π(h(−1)){δ3A3µ(h(0)) + [ω3(0), A3µ(h(0))]}O(−1). (16)
This is zero in the order O(δ) at
ω3(0) = [h
λ,Πδ3hλ](0). (17)
We have used the known terms in SΩ for ωλ, λ 6= 3, and not for ω3. Now we can
restore such a term corresponding to the found ω3, vary over ω3 and check that the
corresponding equation of motion is satisfied as well. The term in SΩ is readily read
from the expression for ω3 (17),
Λ3νλ(1 + ω3(0))
AB[hν , hλ]AB(0) = Λ
3
νλ(U 3Ω3)
AB(0)[f ν, fλ]AB(0). (18)
Here U3(0) ≡ O(−1)O(0). The action of the operator MµAB on this term leads to
Λ3νλ{[1−O(0)ω3(0))O(0)][f ν , fλ] + [f ν , fλ][1 +O(0)ω3(0))O(0)]}AB. (19)
Applying MµAB to the total S
discr and equating this to zero, we get the equation for ω3
(in fact, a condition on ωλ, λ 6= 3) and Λ3νλ. As before, projecting this by Π‖ . . .Π‖ we
get Λ3νλ = O(δ), then the contribution of the term in SΩ (19) can be neglected upon
projecting by Π. The equation becomes (10) at µ = 3, and this is satisfied in the order
O(δ) by the solution (11).
3 The tetrad fields strongly varying in all directions
Here we arrive at SΩ of the form (23) with Uλ minimizing expressions of the type of
(20) and S on the general simplicial complex (31), which, depending on U , can be
viewed as a unified representation of the Faddeev or Regge action.
8As before, since Faddeev gravity action is ambiguous on the piecewise flat space-
time (depends on the intermediate regularization of the conical singularities) and the
ambiguity decreases to zero as we approach the continuum limit, we adopt the behavior
of the variables corresponding to approaching a continuum metric field. Namely, the
variations of the metric tensor δν(f
λ
Af
µA) are small (the order of such a smallness
is just denoted as O(δ)). Then the lengths of the tetrad vectors fλA and the angles
between them at the vertices x and x − δµx differ by O(δ), so if we choose a matrix
Uµ(x) ∈ SO(10) that minimizes fλ(x − δµ) − Uµ(x)fλ(x) in one sense or another,
this quantity will be of the order of O(δ). (Here the components of δµx are literally
(δµx)
λ = [(1− T µ)x]λ = δλµ.)
fλ(x− δµx)− Uµ(x)fλ(x) = O(δ). (20)
Of course, it is scalar (with respect to the local SO(10)) quantities like f νA(x−δµ)[fλ(x−
δµ)− Uµ(x)fλ(x)]A which should be minimized, therefore it follows that SO(10) rota-
tions of the tetrad at x and at x− δµx induce the transformation of Uµ(x) as a (finite)
connection. Relating in this way fλ(x− δµx− δνx) to fλ(x) through, first, fλ(x− δµx)
and, second, fλ(x− δνx) and comparing, we find for the holonomy of this connection
Uν(x)Uµ(x− δνx)Uν(x− δµx)Uµ(x) = 1 +O(δ). (21)
In the leading order in δ, this holonomy is 1 and is solved by the SO(10) rotations in
the hypercubes so that
Uλ(x) = O(x− δλx)O(x) (22)
on the 3-face between the hypercubes at x and at x− δλx.
Then we can describe the system as including the following SΩ,
SΩ =
∑
x
∑
λ,µ,ν
Λµνλ[Uµ(x)Ωµ(x)]
AB[f ν(x), fλ(x)]AB. (23)
The solution for Ω can be written in the form
Ωλ(x) = O(x− δλx)[1 + ωλ(x)]O(x) (24)
where ωλ(x) in terms of the interpolating field
hλ(x) = O(x)fλ(x) (25)
follows by replacing f in (11) by h,
ωλ(x) = [h
λ(x),Π(h(x))δλhµ(x)]. (26)
9Indeed, the result of action of the operator MµAB on SR(Ω) (8) can be rewritten as
2
∑
λ
Tλ[A
λµ(f(x− δλx))− Ωλ(x)Aλµ(f(x))Ωλ(x)] = 2
∑
λ
TλO(x− δλx)
·[Aλµ(h(x− δλx))− (1 + ωλ(x))Aλµ(h(x))(1 − ωλ(x))]O(x− δλx)
= 2
∑
λ
O(x){Tλ[−δλAλµ(h(x))− [ωλ(x), Aλµ(h(x))]]}O(x), (27)
the result of such an action on SΩ is
∑
ν,λ
Λµν,λO(x){(1− ωλ(x))[hν , hλ] + [hν , hλ](1 + ωλ(x))}O(x). (28)
The resulting equations for Ω follow from those for f at small δf by replacing fλA by
hλA. Correspondingly, the Faddeev action following upon excluding Ω will be (4) with
fλA replaced by h
λ
A. Since h
λ
Ah
µA = fλAf
µA = gλµ, this will be equivalent to general
relativity with the metric gλµ.
Thus, the connection representation of the general Faddeev action with strongly
varying fields is (6) with SΩ generalized to (23).
This procedure seems to be sufficiently algorithmized to introduce it for the true
mini-superspace of the general simplicial complex. Instead of (20), we have
fσ1
i
|σ4
2
− Uσ3fσ1
i
|σ4
1
= O(δ) (29)
for some four edges σ1i , i = 0, 1, 2, 3, of one of any two 4-simplices σ
4
1 and σ
4
2 having a
common 3-face σ3 = σ41 ∩ σ42; fσ1|σ4 means that the vector fAσ1 is defined in the frame
associated with the 4-simplex σ4. In the leading order in δ, this has the solution with
the trivial holonomy,
Uσ3 = Oσ4
2
Oσ4
1
. (30)
On the general simplicial complex, the connection action takes the form
S = 2
∑
σ2
[
aσ2 arcsin
vσ2 ◦Rσ2(Ω)
aσ2
+
aσ2
γF
arcsin
Vσ2 ◦Rσ2(Ω)
aσ2
]
+
∑
σ3
∑
{σ2: σ2⊂σ4(σ3)}
Λσ
3σ2(Uσ3Ωσ3)ABV
AB
σ2|σ4(σ3), Rσ2 =
∏
σ3⊃σ2
Ω
ǫ(σ2,σ3)
σ3 , (31)
aσ2 =
√
vσ2 ◦ vσ2 =
√
Vσ2 ◦ Vσ2 , σ4(σ3) is one of the two 4-simplices sharing σ3,
ǫ(σ2, σ3) = ±1 is some sign function. Here the bivector of the triangle σ2 and the
dual one in terms of the edge vectors are
V ABσ2 =
1
2
(fAσ1
1
fBσ1
2
− fBσ1
1
fAσ1
2
), vσ2AB =
1
2
ǫABCD(σ
4)V CDσ2 , (32)
10
where the bivectors are defined in the local frame of a 4-simplex σ4 ⊃ σ2 and
ǫABCD(σ
4) =
ǫσ˜
1
1
σ˜1
2
σ˜1
3
σ˜1
4fσ˜1
1
Afσ˜1
2
Bfσ˜1
3
Cfσ˜1
4
D√
det ‖fσ˜1
1
Af
A
σ˜1
2
‖ (33)
is the perfectly antisymmetric fourth rank tensor in the ”horizontal” 4-dimensional
subspace. Here, ǫσ˜
1
1
σ˜1
2
σ˜1
3
σ˜1
4 = ±1 is the parity of a permutation (σ˜11σ˜12 σ˜13σ˜14) of a quadruple
of edges (σ11σ
1
2σ
1
3σ
1
4) which span the given 4-simplex. The sum over all the permutations
is implied.
In (31), Uσ3 serves as an auxiliary connection but it is a (somewhat loosely fixed)
function of the tetrad (edge vector) variables and refers to the tetrad sector of variables.
The above basic choice of it leading to the Faddeev gravity is a connection for the system
in the regime of approaching the continuum limit in the leading order (and thus with
the trivial holonomy). If Uσ3 are exact rotations relating neighboring frames, then (31)
is a representation of the Regge action. Indeed, varying S over Ωσ3 at Ωσ˜3 = Uσ˜3∀σ˜3,
we get just the sum of the area tensors over the surface of the tetrahedron σ3, which
is zero, and a linear in Λ term. Together with Λ = 0, this solves the equations for Ω
and ∂S/∂Λ = 0, and we have the Regge action.
4 Conclusions
1) We have considered the case of a variation of the Faddeev fields, when Ωσ3 for all
orientations of the 3-face σ3 can differ substantially from unity. Or, in the particular
case of the hypercubic structure, Ωλ for all λ can significantly differ from unity. This,
in particular, makes it possible to have a reasonable spectrum for elementary areas
of any orientation and, simultaneously, general relativity on a large scale on classical
level. In the case of the hypercubic structure, we have the local SO(10) violating term
(23) in the connection representation of the type of (6) with Uλ minimizing expressions
of the type of (20). Excluding connection gives the generalized Faddeev action (4) with
fλA replaced by (Ofλ)A (25) with SO(10) rotations in the hypercubes O solving for Uλ
according to (22) in the continuum limit.
2) The discrete connection representation for the Faddeev gravity can be considered
as a particular case of the unified representation (31) for both the Regge and discrete
Faddeev formulations depending on the auxiliary SO(10) field variable Uσ3 minimizing
expressions of the type of (29) and referred to the tetrad sector of the theory (a certain
11
function of the tetrad or edge vectors) but being a certain connection by its local
frame transformation properties. If the system is in the regime of approaching the
continuum limit when the metric field can arbitrarily weakly vary from vertex to vertex
and Uσ3 is taken in the leading order (and thus with the trivial holonomy), we get the
representation of the Faddeev gravity. If we set Uσ3 to be exact rotations relating
neighboring frames, it is a representation of the Regge action.
The present analysis does not contain the examination of our previous work [15] as
a particular case: we consider there the connection that has a large leading part Uλ
only for a certain λ, but Uλ depends on x and has a nontrivial holonomy (U is not
written in terms of O as in (22) or (30). As a result, we obtained in that paper in some
respects a generalization of the Faddeev gravity (in particular, in the continuum limit,
a certain sum of coupled systems of the Faddeev type), although in another respect a
less general system with a strong variation of fλA in only one direction.
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